In this work we present a Discontinuous Galerkin (DG) method designed to improve the accuracy and efficiency 9 of the steady-state solution at very low Mach number flows using an explicit scheme. The algorithm is based 10 on a perturbed formulation of the compressible Euler equations and employs the preconditioning of both the 11 instationary term of the governing equations and the dissipative term of the numerical flux function (full 12 preconditioning approach).
INTRODUCTION

22
DG methods have received more and more attention in the last years because of their appealing 23 features that justify the widespread applications of these methods. In particular, the minimal amount 24 of numerical dissipation and the potential to reduce the gridding requirements and the time necessary 25 to achieve a desired accuracy level of DG solutions, make this method very appealing for low Mach 26 number flow computations [1, 2] .
27
The difficulty in solving the compressible Euler equations at low Mach number is due to the large 28 disparity of wave speeds. Well known, undesirable effects of low speed flow on most numerical 29 The outline of the paper is as follows. In Section 2 we present the preconditioned form of 87 the compressible Euler equations using primitive variables and perturbed variables. In Section 3 88 we describe the DG discretization of the governing equations, the boundary conditions and the 89 preconditioned numerical flux function. In Section 4 we give some details on the explicit time stepping 96 We consider the preconditioned two-dimensional compressible Euler equations in conservative form,
GOVERNING EQUATIONS 95
The preconditioned compressible Euler equations
97
Ŵ ∂q ∂t + ∇ · F = 0.
The primitive variables q and the cartesian components f and g of the flux function F are given by:
where p is the pressure, T is the fluid temperature, u and v are the velocity components, ρ is the 99 density and H is the total enthalpy per unit mass. By assuming that the fluid obeys the perfect gas state 6 A. NIGRO., C. DE BARTOLO, R. HARTMANN, F. BASSI of the fluid, and ρ can be calculated as ρ = p/T .
102
The matrix Ŵ used in the present work is the local preconditioning matrix of Weiss and Smith [13] 103 written in the following form
where
and is given by
Here, U r is a reference velocity which, for an ideal gas, is defined as
where c is the acoustic speed and ε is a small number included to prevent singularities at stagnation 
110
In the next section we will show how preconditioning enters in the formulation of the numerical 
For an ideal gas ρ p = 1/T and β = 1/c 2 . At low speed as U r → 0, α → 1/2, and all the eigenvalues become of the same order as u n . We note that all the above equations have been written in non-dimensional form using the dimensional relationships with the reference values of length l r , density ρ r , pressure p r and gas constant R r . The non-dimensionalized quantities have the following orders of magnitude: 
where p ∞ and T ∞ are the freestream pressure and temperature respectively. Furthermore the 120 momentum fluxes are defined considering the relative pressure, p ′ . Then the primitive variables q 121 and the cartesian components f and g of the convective flux function F are given as follows,
The perturbed formulation of the preconditioned governing equations obtained using Eq. (9) is 123 mathematically equivalent to the original one, Eq.(1). In particular, the preconditioning matrix, Eq.(3),
124
is not modified and the ideal gas law is maintained. 
where is the domain with boundary ∂ , and n is the unit outward normal vector. To discretize 129 in space, we define V p h to be the space of discontinuous vector-valued polynomials of degree p on a
where P p is the space of polynomial functions of degree at most p. The discrete problem then takes 133 the following form: we define the residual vector R = R(q h ), ψ j j =1,...,N where 
where Q is the global vector of degrees of freedom (dof) with q h = j =1,...,N Q j ψ j . R is the freestream value. We remark that the simplified non-reflecting boundary conditions require a far-field
whereF Ŵ is given by
Here, q = q − − q + and the matrix |Ã Ŵ | is defined in terms of the preconditioned eigenvalues and 
TIME DISCRETIZATION OF THE PRECONDITIONED EULER EQUATIONS
174
The semidiscrete system Eq. (12) given by
where i is the stage counter for the s-stage scheme and α ik and β ik are the multistage coefficients
182
for the i th stage.
183
The local time step t on each element κ is computed by considering the following relation:
where the preconditioned convective spectral radii x c and y c are defined as
The variables S x and S y represent the projections of the element κ onto the x and y axis, observations. The first is that, for a given polynomial degree, the lower the Mach number, the smaller 224 the residual decay. The second is that, for a given Mach number, the higher the polynomial degree, the 225 smaller the reduction of the residual, even if this influence is less evident than the first.
226
However, both the influence of Mach number and polynomial degree on the decrease of the residual did 227 not allowed to obtain a solution at the lowest Mach number M = 10 −6 using the highest polynomial 
The plots show that the perturbed variables do not affect the convergence speed in comparison to 241 the non-perturbed solution, Fig. 2 . We notice that the residual decay of pressure and velocity are now 242 independent of the Mach number.
243
Different is the case of the temperature. We see that even if we use the perturbed variables, the 244 residual of temperature reduces less as compared to the residual of pressure because they stagnate 
We see that the range of the order of magnitude of the flux in the energy equation is wider than that 
where q = p, T, |v|. Figures 5 and 6 show the normalized contours of pressure (left column),
269
temperature (middle column) and velocity vector (right column) at M = 10 −5 , using P 1 (top row),
270
P 2 (middle row) and P 3 (bottom row) elements, without and with the perturbed variables, respectively.
271
We see that on the basis of normalized pressure and absolute value of velocity isolines there is no 272 difference between the perturbed and the non-perturbed solutions, whereas isolines of temperature 273 begin to deteriorate using P 3 elements and non-perturbated variables.
274
The solutions at M = 10 −6 , see temperature (middle column) and velocity (right column). P 1 ( top row), P 2 ( middle row) and P 3 ( bottom row) elements. Fig. 10 shows the pressure fluctuations ( p max − p min )/ p max versus the
Pressure fluctuations
288
Mach number at M = 10 −2 , M = 10 −4 , M = 10 −6 and M = 10 −15 , using P 1 , P 2 and P 3 elements,
289
with the perturbed variables. We see that the perturbed formulation of the Euler equations preserves 
